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Fourier Transform

f(t) — Function;  F(w) — Fourier harmonic

Flw) = f f(t)exp(iwt) dt

F(w)exp( —iwt) dw

s

o

F = F(w) : Spectral Distribution, Spectru/lp/ 2
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Fourier Transform

" Time / Frequency

F(w) = J f(t)exp(iwt) dt

Co-ordinate / Wave-number

F(k) = J f(x)exp(ikx) dx

r/‘

/./

Temporal (Spatial) spectrum: Spectral Anal)bs{sl/
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Sunspot Data

Sunspot Data 7
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load sunspot.dat
Year =-suEsmot (., )7 Wollt =surnspelfs 2) ;
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Spectrogram

(b)

Time evolution
of the temporal
spectrum (frequencies)

Solar wind pressure

and magnetic field

Fourier spectrograms
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FT: Properties

~ Linear Superposition

f1(8) + f2(8) = Fi(w) + F2(w)

Correlation

| A@hE+Dd - R@FE @

Convolution : g

f L@ f(t — 1) dt = Fy (@)F> (@)
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Discrete Fourier Transform

~ Continuous: X=(-00... @)
Discrete: X, =( X5 .00 Xy)
N—-1 i
X = nz(:) Xy, €XP <—i2nﬁn>
k=0 ... (N-1) Discrete Spectrum p

P /
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DFT constraints

| Length-Scales:
Domain Size: L=Xy—-X;

Wave-Numbers:
Maximal wave-number: K =2x/AX

Minimal wave-number: AK =27x/L

Number of Fourier Harmonics: N

(sampling rate, resolution)
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Sampling

Discretization:

Sample continuous

function
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Sampling
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Aliasing
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Aliasing
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Aliasing

Aliasing contaminates the spectral power
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Number of Harmonics

o0 0-1710) ;
g = DL ()
plot(t,y);
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Number of Harmonics

o0 0-1710) ;
= s B () A I n ST L3
ks ST
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Number of Harmonics

0 0 T10)
e TSR g o ) s 0T (B (75 P ) o I Gt
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plot (t,y);
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(G1bbs Effect

N=F7+9

Density of the spectrum
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(G1bbs Effect
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Mumbar af Tarms:
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Spectral Leakage

Finite observation interval: the DFT periodically repeats the measured record

Finite record: non-integer number of periods Discrete power spectrum

observed interval

leakage

Fourier harmonic k

fi(t) =f() rr(t) = Fr(w)= [ F(w)Rr(w-

multiplication in time — convolution in frequency

Power leaks into neighbouring Fourier harmonics.
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Windowing

Smoothly reduce the signal near the boundaries before the DFT
Hann window in the time domain Effect on the spectrum

=== finite record
— (1)
i1
)
\
\

lower side-lobes

amplitude
spectrum (dB)

A
[
1
1/
r 4
1
]
]

rectangular
Fourier harmonic k

fo(t) = wi(t) f(t), w(0)=w(T)=0

Common choices: Hann - Hamming - Blackman

Trade-off: less leakage <> broader spectral peak.
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Fast Fourier Transform

- DFT:

O(N?) calculation process

FFT Algorithm: (N =2m)
O(N log N) calculation process
(Cooley-Turkey 1965, ... Gauss 180)5)

N = 10° FFT : 30sec
FT  :2 week

sbddmgobozol o Imabdol gobajzol 5dmEsbydols dmEyendgds 2 s, mygbody (2026)



PDE: Spectral Method

~ PDE: 9 92
—A(x, t) = c* =—A(x, t)

ot dx?2

+ 00
Fourier decomposition  PHeArg J A(x, t) exp(ikx) dx
in SPACE: oo

f {%a(k, t) + c2k2a(k, t)} exp(ikx)dk =0

ODE solver: ek -a(k, t) 4 /
Inverse Fourier transform: A= A=
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Spectral Simulations

Discrteize PDE: Sampling
DEFT: mostly FFT

1. Transform PDE to spectral ODE
Solve ODE (e.g., R-K)

3. Inverse transform to reconstruct solutions
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Spectral Method: Features

Initial Value Problem

- Calculate mitial values 1n k-space

Boundary Value Problem

- Integrate boundaries into k-space

Spatial Inhomogeneities

- Introduce numerical variables to homogenize

- Integrate during reconstruction
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Spectral Method: Problems

1. Shocks

Discontinuity: A—>0
K== e N300
Kmax = KCI’

2. Complex Boundaries

[11-known numerical instabilities;

3. Nonlinearities
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Spectral Method: Variants

* - Pseudo-spectral Method
Pseudo-spectral basis:
Legendre polynomials;

Chebyshev polynomials;

Expansion coefficients: collocation, Galerkin,...
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Chebishev polynomials

~ (0, m # n,

(T, T,) = _11 Tn(ii) '_Tn;(;) dr — <7; i = = B,

|5 m =% >4,

To(z) = 1, _
Tilz) = =, =
Tr(z) = 22° — 1, 3
Ta(z) = 4z° — 3=z,
Ty(z) = 8z 8z2 + 1,
Ts(z) = 16z° — 202 + 5=z
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| Exafnple

1 T T
S : Initial condition
iy — VU, , 09 F [\ Final solution | 7

O L
-1 -0.5 0 0.5 1

Figure 6. Spectral solution to the linear heat equation (4.1) att = 5.0, with
v = 1072 and the initial condition is up(z) = sech?(10z).
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Example

1 =1.0; % half-length of the domain

N = 256; % number of Fourier modes

dx = 2*x1/N; % distance between two collocation points
x = (1-N/2:N/2)*dx; % physical space discretization

nu = 0.01; $ diffusion parameter

T = 5.0; % time where we compute the solution

dk = pi/1; % discretization step in Fourier space

k = [0:N/2 1-N/2:-1]*dk; % vector of wavenumbers

k2 = k."2; % almost 2nd derivative 1n Fourier space
u0 = sech(10.0*x) .72; % i1nitial condition

u0 hat = fft(u0); % Its Fourier transform

(0]

% and the solution at final time:
uT = real (1fft (exp (-nuxk2x*T) .*ul0 hat));
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Comparison

Spectral Method:
Linear combination of continuous functions;

Global approach;

Finite Difference, Flux conservation:
Array of piecewise functions;

Local approach;

sbddmgobozol o Imabdol gobajzol 5dmEsbydols dmEyendgds 2 s, mygbody (2026)



+/ -

+(very) fast for smooth solutions
+ Exponential convergence

+ Best for turbulent spectrum

- Shocks

- Inhomogeneities

- Complex Boundaries

- Need for serial reconstruction (integration)
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Chaotic tlows

Post-processing:
Partial Reconstruction at different length-scales
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end

www. tevza.org/home/course/modelling-II 2026/

sbddmgobozol o Imabdol gobajzol 5dmEsbydols dmEyendgds 2 s, mygbody (2026)



