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Finite Volume

Conservation equation 1n the integral form

0
—fU(t,x)dQ+fV-F(t,x)dQ:O

0
—fU(t,x) dQ+§F(t,x)-nds =0
G J
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Finite Volume

Evaluating flux

fF(t,x)-nds ~ Z F,. n,

S faces

Numerical flux calculation problem

sbddmgobozol o Imabdol gobajzol 5dmEsbydols dmEyendgds 2

s, mygbody (2026)



Cells and Faces

Grid cell centers: |
e e e 1 - ? ?
f‘
Cell interfaces: interface
et
Tl 31 oty 2,
7% 1)

Finite Volume update: !

| >

F(ij-1/2) < U(i) <— F(ij+1/2) "
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Finite Volume
Time stepping algorithm

At

UG +1)) = UG =5
J

flux on the cell faces
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Finite Volume

Multidimensional problem:

Unsplit mntegration

U(i+1,j,k)

At
=U(i,j, k) _A_x-(F*(i'j +1/2,k)—F*(i,j —1/2,k)) —
j |
At
GGk +1/D) = k=T
Ay; >
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Finite Volume

Leveque, Sec. 4

, At
QiH—l s Q:I ~ ( 1+1/7 Fn )
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Boundary Conditions

Numerical flux calculation over the domain:

Ty e

volume faces boundary

cancellation of fluxes on internal boundaries

;/.,

sbddmgobozol o Imabdol gobajzol 5dmEsbydols dmEyendgds 2 ser. 093body (2026)



Numerical Flux Function

~ Estimating flux on the faces
At
UG+ 1)) = UL ) = o= (FGj +1/2) = F(i,j = 1/2)) =
J

A
= U(i,j) - A—)f] (FQUG,j +1/2)) = FQUG,j — 1/2))

UG j+1/2), Ulij-1/2) - ?
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Numerical Flux Function

~ Estimating numerical flux:

Upwind — Zeroth approximation

Central difference — Averaging conservation variable
Central difference — Averaging fluxes

Lax-Wendroff — Finite difference analog calculati()n"bf'ihe
numerical fluxes
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Upwind

F([_"H_l) If /\z'+1,,f"'2 < 0

F ( [ I,z' ) |f ’\H-IZ > ()

Finding flux direction and projecting cell centered flux
value on the cell face.

A=0F/aU - >

“wave velocity
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Central Difference

1. Averaging U(1,))
2. Averaging F(1,))

Lo : Uit U,
Fivip =5 W) + F(Uia))  OF Fiyp=1F ( 2 H)

i

o
s
i"/
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Finite Volume

[Lax-Wendroff flux estimation

& l (TT (TT \ ’\i—+-l.v‘"'2Af‘ Ppn. . e K
F'_J__lll,:’*_}:'3{.F(,[_j)‘|"F([_,'_;_1))_._) ' (VF({(_;*l)—F([_,'))

1 :
ZAd i+1/2

Calculating numerical flux using finite difference:
methods on cell center to face transition.
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Finite Volume Method

Discrete formulation of the conservation equation at every
cell/mterface

0
—jU(t,x)dQ+jV-F(t,x)dQ=

0
7 ot Ucetr.average (t, Xj) + Fr(t, x;) — F(¢, x;)
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Diffusion Equations
Conservative finite-volume formulation

U 0 U
T o)

U
F(t,%) = —B(x) o

a L i+1/2
E[ U(t,x)dx = F(t,xj_1/2) — F(t,Xj4+1/2)

Xj—1/2

Diffusive flux at a cell face

F(i,j +1/2) = —Bjy1/2

For constant 3, the equation reduces to U; = 3 Uk

UG, j+1) —UQG, )
Ax |
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Diffusion Equations

Implicit time stepping: Crank—Nicolson

FGi,j+1/2)+F(i+1,j+1/2)
2

F*(i,j + 1/2) =

/A
UGi+1,) = UG)) = 5= [F* (0 +1/2) = F*(i.j = 1/2)]

Expanded update

Ui+1,5)=U(,j) +2Ax2[
Biv12(ULJ+1) —U(,j))
—Bj—12UEJ) — UG — 1))
+Bj+12(UCE+1,j+1)-U(@{+1,j))
—Bj—12U{A+1,j)-U({+1,j—1))]

Values at time 1+1 are solved simultaneously
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Finite Volume

~ Finite Difference
- Problems with conservation

- Irregular geometries

Finite Volume
+ Explicit (hyperbolic)
+ easily adaptable

+ unstructured grids R L

Unstructured Grid

- problems towards the edges
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end
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