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FD Methods

Domain of Influence (elliptic, parabolic, hyperbolic)
Conservative formulation

Complications:
- Mixed Derivatives

- Higher Dimensions (2+)

- Source Terms
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FD: Domain of influence

~ Elliptic PDE Laplace equation

0* 0*
5;{M%W+5;{M%W=0

O<x<W
O<y<H
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FD: Domain of influence

Parabolic PDE  Heat equation

gU(t X)= ka—zU(t x)
o x>

domain of influence

U(t0) =u,

U(t,A)=u,
U(0,x) = g(x)
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FD: Domain of influence

Hyperbolic PDE Wave equation
2 2

Ul =C? %U(t,x)

U(t0) =u,

U(0,x) = f(x)

%U(om ~ g(x)

domain of
influence
v 4
\J/

domain

of

dependence
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Mixed Derivatives

Central
Derivative

Stencil:

Ua+1,;+1)+U@Ga-1,-1)
4AXAY .
Ua+1,;-1)+U@G—-1,+1)
. 4AxAY
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PDE Formulation

__.,,,...---’Burgers Equation: %U (t, X ) +U (f, X )8& U (t, X ) =0
X

Straightforward discretization (upwind):

Ui +15) = Uij) - j—fc G0y +1)-UG))]

9, 1 0O
Conservative Form: GelSURYE St (U( t,x))2 =0

ot 2 Ox
Standard discretization (upwind): > A

UG +1)= UGij) - 22Uy +1))P-(Udi))

2Ax
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Burgers Equation
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[LLax-Wendrotf Theorem

For hyperbolic systems of conservation laws, schemes
written in conservation form guarantee that if the scheme
converges numerically, then it converges to the analytic
solution of the original system of equations.

Lax equivalence:

Stable solutions converge to analytic solutions
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Implicit and Explicit Methods

Explicit FD method:
U(n+1) 1s defined by U(n)

knowing the values at time n, one can obtain

the corresponding values at time n+1

Implicit FD method:
U(n+1) 1s defined by solution
of system of equations at every

J-1,n+1 J,n+l1  j+1,n+1

time step
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Implicit Methods

~ Crank-Nicolson for parabolic equations:
e.g. Heat Equation

LR =1 backward derivative .
2000 forward derivative 2

e "/
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U@i+17)-UG,J)
At
U(i+1,/)-U(, j)
At

1. Forward derivative: =F(i,J)

2. Backward derivative:

=F(Gi+1,7)

Crank-Nicolson

S AZEOI) R+ Fa+.)) g
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Implicit and Explicit Methods

+-Unconditionally Stable

+ Second Order Accurate in Time

Crank-Nicolson method:

stable for larger time steps
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Crank-Nicolson

°

" 1D Diffusion equation

UG+1,j)-U(G,j) aldU U .
N oa v )

UGi+l,)-UG,j) _ _ a

At T 2(Av) UG+, j+) =20+, N+ UG+, j-D)+ (UG, j+1)-2UG, ) +UG, j-D)]

—rU(i+1,j+ D)+ (427U G +1, j) —rU G +1, j—1) =
rU (i, j+1)+(1-2rUG, )+ rU(, j-1)
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Triagonal Matrix

Q- UG+1,j+) (420U +1, ) -rUG+1, j-1) = dG, j)

a;y.,+by;+c;y, =d,

1. Computing inverse matrix: y ~T4

2. @Gaussian elimination
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Gaussian Elimination
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Crank-Nlcolson matrix form

The new Values U(1+1 ,J) are solved together.

—rU@+1,j—1) + (1+2r)UG+1,5) — rU@G+1,5+1) = d;

Three 1nterior points; U(1,0) = U(1,4) = 0 for all 1.

T: coefficients  y: unknown new values  d: known values

di=rUGRL) (=20 UG.)) £ gLl ). - - 2 -

./‘

r = aAt/ [2(Ax)?] Only values at timeienterd.
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One time step in a program

_ Example: r=0.25; U(i,1) =0, U(i,2) = 1, U(i,3) = 0.

The boundary values remain zero.

1.5 —=0.25 0
-0.25 1.5 —0.25

0 —0.25 1.5
T

Solution: y = (0.2353, 0.4118, 0.2353)

1. Build T once, using the chosen r. 7
2. At each time 1, calculate d from U(1,)). / /

3. Solve T y = d using the Thomas algonthm e 2 /j::/ =
4. Store U(1+1,)) = y; and repeat. _ >

Python alternative: y = numpy.linalg.solve(T, d)
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“To do

__/”/Derive implicit Crank-Nicolson algorithm and solve
equations:

& —U(x )= a(x) LY 0 82U(x t) fﬁU(x,t)
ox
% EU(x t)=a(x, t)M+CU(x,t)

ot Ox”

¢ O°U(x,y,t) 0°U(x,v,t) |
3. _U(xayat):a(x,y) %4—&
ot Ox
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First vs ‘Second Order Accuracy
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Source Terms

~ Nonlinear Equation with source term S(U)

O Utto+-2 F(U) = S(U)

ot OX

e.g. HD in curvilinear coordinates

1. Unsplit method
2. Fractional step (splitting method) A
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“Source Terms: unsplit method

One sided forward method:

Ui-+1))=UGij) - - [FQU + DF UG+

+AtS(U(Qj))

-
—
P ™ s et G

- Lax-Friedrichs (linear + nonlinear)
- Leapfrog (linear)

- Lax-Wendroff (linear+nonlinear) /
- Beam-Warming (linear)
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Source Terms: splitting method

Split inhomogeneous equation into two steps:
transport + sources

1) Solve PDE (transport) gU(t X)+ §F (U)=0
X

U(ij) — U(ij)

gﬁ( tLx)=29S ([_J) : //

U(ij) = Ulij) — Ufi + 1,/ I
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2) Solve ODE (source)




Multidimensional Problems

" Nonlinear multidimensional PDE:

gU(t,X)-F EF(U) -+ < G(U)+ EH(U) =S5(U)

Ot OX oy /4

Dimensional splitting

xX-sweep
y-sweep
z-sweep _ >

source term. splitting method -
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D1men510n Splitting

[
y-sweep (PDE): EU*(LX)JFEG(U*) -0l U (/) > U"Gj)
ot Oy 2 J

ssweep (PDE): oAU

source (ODE): el U= s ' |
o B s -
| 4
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Dimension Splitting
Upwind method (forward difference)

Ui +1,)=Ufiy) - j—i [F(UGJ +1)-F(U(ij)]-

At

e |G(U(ij +1))-G(U(ij))|-
y

At

o [H(U(,j +1))-H(U(ij)) ]+

+ A1S(U(ij))
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Dimension Splitting

~ +Speed
+ Numerical Stability

- Accuracy
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Method of Lines

~ Conservation Equation: 9 U(t.x)+ 9 F(U)=0
Ot X

Only spatial discretization: i U= 1))

f(j)=— [F(U(J+1)) F(U()))]

Solution of the ODE (1=1..N)
- Analytic?

- Runge-Kutta - ' ——"
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Method of Lines

~ Multidimensional problem:

0 0 0
5U(z,x)+ aF(U) + P G(U)=S(U)

Lines: d

EU(j,k)zf(j,k)+g(j,k)+S(U(j,/\f))

Spatial discretazion:
10k =~ [FUG L) - FUG )
1

gk)= [G(U(. k+1) - G(U(j, b)) ]§
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Method of Lines

Amnalytic solution in time: Numerical error only due to
spatial discretization;

+ For some problems analytic solutions exist;

+ Nonlinear equations solved using stable scheme

(some nonlinear problems can not be solved using
implicit method)

- Computationally extensive on high resolution grids;
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[ inear schemes

“It is not possible for a linear scheme to be both higher
that first order accurate and free of spurious

oscillations.”

Godunov 1959
First order: numerical diffusion;
Second order: spurious oscillations;
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end

www. tevza.org/home/course/modelling-II 2026/
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