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Finite Difference (FD) Methods

Conservation Law:

ou(t, x)
5 TV JGx) =50t x) J(t,x) = aU(t, x)

1D Linear Differential Equation:

dU(t, dU(t,
(tx) | 0Ux) _
ot 0x
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- One-sided Backward

Difference equation:

At

U +1,)) =U6)) -A[UG) - UG -1l

time

stepping
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-~ One-sided forward

Difference equation:

A
UG+ 1,J) = UGJ) — 5-AIUGj +1) = UG, )

time

Stepping" )/
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- LaX-Friedrichs

Difference equation:

1
UG+ 1)) =5[UG)j + 1D + UG - D] —
At
2Ax

A[UGEj+1) - UG  — 1]
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s Leapfro g

Yy

Difference equation:

Ui+1,j))=U{—-1,j) —

Ao e 7
~—AUG + 1D = UGj — D]
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[Lax-Wendroff

Difference equation:

UGi+1,)) =U(@j) -
A[UGEj+1) - UG  — 1))

2Ax
Atz A%2[U(i,j +1) —2U TG D],
Zsz (i,j+1) (i,)) (i,j )

@ //,
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— . +Lax-Wendroff

7 Derivation:
1. Lax-Friedrichs with half step;
2. Leapfrog half step;

derive -
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Beam-Warming

Difference equation:

U@+1,j)=UGJ) -
A[3U(i,j) — 4U(i,j — 1) + U(i,j — 2)]

2Ax
Atz A2[U 2U 1)+ U 2)]
ey (i,)) (L,j— 1)+ UG,j )

Sb@GmBobogol ©s Imaddol gobozol sdmEsbgbols dmEgmemgds 2, sem.  mggbsdy (2026)



Comparison

One-sided schemes:

[Lax-Friedrichs:
Leapfrog:
Lax-Wendroft:

Beam-Warming:
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O(At, Ax?)
O(AF, Ax?)
O(At, Ax?)
O(A?+Ax?)
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Finite Difference Methods: Comparison

First-order upwind LaxcFriedrichs

Damps short wavelengths. Strong artificial diffusion for many Courant
Smooths the jump; usually no overshoot for a numbers.
stable monotone update. A sharp edge becomes broad.

Lax-Wendroft Beam-Warming

Better accuracy in smooth regions. Second-order upwind-biased formula.

Oscillations and overshoots appear near a jump. Oscillations appear on a different side of the jump.
Leapfrog: no leading numerical diffusion in the standard smooth-mode analysis, but a parasitic computational mode can 7
cause odd-even decoupling. =z

< g
/f"/ >
A

>
-~
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= o] SF order methods 1n time:
Ui+1) = FLUi) )}

20d grder methods in time:
Uli+1) = Ff UG) , U(i-1) }

starting A)-U(2) = F{ U(l) } (e.g. One- S1_"“' ==
melioa ) U(5) = Pl u 7 (Leapfr'ﬁ’t’.’""
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Convergence

u(t,x) - Analytical solution

U(i,j) - Numerical solution
Error function:  E(i,j) = U(,j) —u(t(),x())

Numerical convergence (Norm of the Error function):

IEG,) | =0, Ax—0
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Norms

+ oo

Norm for conservation laws: llu(x,y) Il = J lu(x,y)|dx

N
1
IEG)) Il == ) 1EGL)
=1

Other Norms (e.g. spectral problems)

N 2
1

IEG) Il =~ | ) IEG.)

V=
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Norms

P-Norm

1/p

N
1
IEG) Iy =+ D IEGHIP
j=1

Norm-2: Energy in numerical domain;

Numerical dissipation, boundary effects, etc.
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Numerical Stability

Courant, Friedrichs, Levy (CFL, Courant number)

la|Ax
CFL = max

At

Upwind schemes for discontinuity:

A=) One sided forward
a() One sided backward
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Numerical Stability

CEE=]
Domain of dependence

COURANT STAELE COURANT UNSTAELE

SbBOmEobozol ©s Imsbdol gobozol sdmEsbdols dmEymomgds 2, sen.  mggbody (2026)



Lax Equivalence Theorem

For a well-posed linear initial value problem, the
method is convergent if and only if it is stable.

Given a properly posed initial-value problem and a finite difference approximation to it that satisfies
the consistency condition, stability is the necessary and sufficient condition for convergence.

Necessary and sufficient condition

for consistent linear method

Well posed: solution exists, continuous, unique;

- numerical stability (t)

- numerical convergence (xyz)
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Discontinuous Solutions

oU(t, oU(t, x
(), oULx) _

Advection equation:

a
ot 0x
i 7 1 x<0
Initial condition: Ua(x) =
0(%) {o x>0
Analytic solution: U(t,x) = Ug(x — at)
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Analytic vs Numerical

Lax-Friedrichs

0.0 0.2 0.4 0.6 0.8 1.0 : . 0.4 0.6 0.8 1.0

Lax-Wendroff Beam-Warming

Ax = 0.01
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Analytic vs Numerical

Lax-Friedrichs

0.2 0.4 0.6 0.8 . i 0.2 0.4 0.6 08 1.0

Lax-Wendroff Beam-Warming

Ax = 0.001
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Nonlinear Equations

Linear conservation: N0 A e

D e

dU(t, x) Z 0
ot 0x

Nonlinear conservation: F(U)=0

dU(t, x) %) i
ﬁ_
; 0x 0x &
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Nonlinear FD Methods

Lax-Friedrichs

PR Ay 5%,
linear stencil: U@i+1,))= 5 UG — 1)+ UG, +1)] =

At T ]l
— oy UG+ 1) UG - D]

1 e
nonlinear stencil: U@+ 1,j) = 5 [UG,j— 1)+ U@, j+1)] -
|

At

2Ax

F(UG,Jj + 1)) = F(U(i,j =1)]
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Nonlinear FD methods
Ui+1,j) =U.,Jj) —

AtAU" 1)—-U0(,j—1
e [U(,j +1) - UG, j —1)]

Lax-Wendroft

2

oz A2[UGLj + 1) = 2U(0,)) + UG,) = D]

_|_

MacCormack’s two step method:

A
U'() = UG ) = 5= [FUGj + 1) = FUG )]
Uui@+1,j)

1 is . At
=5 W) +U'()) — o=

2Ax [F(U'(j)) = F(U'(j — D]
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FD Methods

Methods to suppress numerical instabilities

Numerical diffusion (first order methods)

oUu(t, x) oU(t, x) 04U(t, x)
+ a =)
ot 0x 0x?

o Ax? _I At \°
~ At A
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Numerical Dispersion

dU(t, x) dU(t, x) d3U(t, x)
T a = U
ot 0x dx3

Lax-Wendroff (or second order methods)

Ax? [At? 2
L e

Beam-Warming method

- Ax? '21 3At +At2 -
ET8 e A . gl
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Numerical Dispersion

Az

Lax-Wendrott
15
1.0 )
0.5+
.04 k‘
1 —exact salution
= numerical sclution
_ﬂuﬁ L L 1§ L L L Li L i | L o r 1 L I L
oo 901 02 O3 04 05 06 0F 08 05 10
4
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Beam-Warming

15
1.0
0.54
.04
1 —exact solution
— numerical soluticn
_ﬂlﬂ T 1 L Li  § L | L | T 1 L T il § L f L
o0 01 92 03 04 05 06 Oy 0B 09 1

%
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Numerical Diffusion

Az (a<0)

Lax=-Friedrichs Donor cell (upwind)
15 15
1.0 1.0
0.5 .54
.04 .04
1 —exact solution 1 —exact solution
— lumerical solution 1 —numerical sclution
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Dissipation vs Dispersion

~ Dissipation and dispersion are not the same

.'/

Modified equations and Fourier analysis explain the shapes of the numerical solutions.

NUMERICAL DIFFUSION NUMERICAL DISPERSION

U: + auy = DpumUxx + --- U: + auy = KpumUxsx + ---
Even derivative > amplitude damping Odd derivative » phase-speed error
Lax-Friedrichs: Lax-Wendroff:
Dnum = (Ax?/2At)(1 — C?) leading error is dispersive

» asmeared front signals numerical diffusion; 5 V%
* ringing around a front signals numerical dispersion; _ / ' 4

si@Gmaobozol s emsbdol gobozol s8mEsbgbol dmEgmenmgds 2, sem.  mggbsdy (2026)
GOmBobogol ©s I 80bo3 3569



Diagnostics

Diffusion Dispersion

exact exact
numerical numerical
| Z
T T T T T | > T T I T T N
=
X X
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Discontinuities

Higher formal accuracy does not guarantee a better
solution near a discontinuity.

e [ax—Friedrichs and first-order upwind tend to smear sharp
gradients.

e [ax—Wendroff and Beam—Warming can preserve sharper
transitions but introduce oscillations.

e [imiters can reduce these oscillations while retaining
higher-order behaviour in smooth regions.
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PROBLEM

Advection

Heat/
diffusion

Wave

Burgers /
shocks

Poisson

EQUATION

ou ou __
E+aa—x—0

 _ 2
ot ox?

d2u d2u
_2=.C‘2_2
ot 1.4

ot

Viu=f

METHOD

Upwind (1st order)
Lax-Wendroff (smooth)

Centered space differences
Explicit or implicit time stepping

Centered space-time
differences

Conservative upwind flux
TVD / limited high-order scheme

Centered differences
+ iterative linear solver
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- Which numerical method should we use?

WATCH FOR

CFL; diffusion /
dispersion

Explicit time-step
restriction

CFL; numerical
dispersion

Oscillations;
shock capturing

Grid resolution;
solver convergence
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Convergence

[Lax-Friedrichs:

IEG, ) || = CVt - Ax
Convergence:

IEG,) | =0, Ax—0
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FD Methods

+ / Primitive
+ / Fast

- / Accuracy

- / Numerical instabilities
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end

http://www.tevza.org/home/course/modelling-II 2026/
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