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Domain of Influence (elliptic, parabolic, hyperbolic)
Conservative formulation

Complications:

- Mixed Derivatives
- Higher Dimensions (2+)
- Source Terms
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Elliptic PDE Laplace equation

o> o>
— Uk, v)+—Ux, ) =0
2 (x,5) o (x,5)

O<x<W
O<y<H
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Parabolic PDE Heat equation

0 0°

— Ut =k—— Ut

OX

U(20) = u,
U(t,A)=u,
U(0,x) = g(x)

domain of influence

A

Lol '
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FD: Domain of influence

Hyperbolic PDE Wave equation

2 2
Dbt T

Ot? ox”

domain of
influence
U (2,0) = u,
U(0.x) = f(x) |

L q

slope =

0 e
EU (0.x) = g(x)

domain of
dependence

gl

}q I
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Mixed Derivatives

Central
Derivative
Stencil:

o Ui141 —Ui1,5-1 P
| Ay + O(Ay)

2 . ; : ;
0 Uly) = Ui+lj+1)+U@G-1;-1)
OxX0y AAxAy

U@G+1;-1)+U@G-1+1)
AAxAy
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Burgers Equation: agU(t,x)-l- U(t,x)aiU(t,x):O
X

Straightforward discretization (upwind):

U(i+1j)= Ufig) - - UG +1)-U())

X

0 10

Conservative Form:  — U(tx)+=—(U(tx))" =0
0 2 Ox

Standard discretization (upwind):
. , 7 At /5 7
U(i+1j) = Ufig) - ——|(U(is + PGy |
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Burgers Equation
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For hyperbolic systems of conservation laws, schemes
written in conservation form guarantee that if the scheme
converges numerically, then it converges to the analytic
solution of the original system of equations.

Lax equivalence:
Stable solutions converge to analytic solutions
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Explicit FD method:
U(n+1) is defined by U(n)

knowing the values at time n, one can obtain

the corresponding values at time n+1

Implicit FD method:

U(n+1) is defined by solution o o
of system of equations at every

time step

F-1,n+1 J.n+1 141, n+l
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Crank-Nicolson for parabolic equations:
e.g. Heat Equation

Ot Ox  Ox>

2
gU(t,x):FtU, PRy Y t,x,]

1. (i+1) backward derivative
2.(1) forward derivative
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2
Quay=rlu, 2 2Y,
ot ox Ox

Ui+l /)-UG,))
At
Ui+1/)-UG,J)
At

1. Forward derivative: =FE(i;])

2. Backward derivative:

=F(i+1))

Crank-Nicolson

Ui+ j)-U(G,j) 1y,.,. . .
" = 2[F(u)+F(z+LJ)]
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+ Unconditionally Stable
+ Second Order Accurate in Time

Crank-Nicolson method:

stable for larger time steps
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1D Diffusion equation 9 Utx)=a

ot ox*

JAVS e,

UGi+1/)-U(i.j) _ {a U }

UG+l )-UG,j) _  a
Y; 2(Ax)?

(UG+Lj+)-2U(@+1, )+ UG +1, j =)+ (UG, j+D)-2U(, j)+ UG, j-1))]

alt
2(Ax)?

—-rU(G+Lj+)+(QA+27)U(G+L j)—rU(+1 j-1) =
rU@, j+D)+A-27)U(, j)+rU(, j 1)
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—rUG+1 j+)+ A+ 27 UG +1 ))-rUG+1 j =D =d(, j)

a,y,1+by,+¢,y,.,=d,

1
. Vo

Yn

1. Computing inverse matrix: y =T-1d
2. Gaussian elimination
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* *

Y, :d]‘ —CVin

*

y,=d

n
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Derive implicit Crank-Nicolson algorithm and solve
equations:

GZU(x t) e oU (x,t)

Ox* OX

—— U(x t) = a(x)

0 '3 0°U(x,t)
= Ui, ) =a(x,t) 57

+cU(x,t)

O [GZU(x,y,t) Z 82U(x,y,t)j

3 = U yo=alxy)

Ox*
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First vs Second Order Accuracy

Local truncation error vs. grid resolution in x

0

log, (A x)
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Nonlinear Equation with source term S(U)

%U(z,xHﬁF(U) _ S(U)

OX

e.g. HD in curvilinear coordinates

1. Unsplit method
2. Fractional step (splitting method)
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One sided forward method:

Ui +1) = Ugij) - %[F(U(z;j +1)-F(UG)]+

+ AtS(U()))
- Lax-Friedrichs (linear + nonlinear)
- Leapfrog (linear)
- Lax-Wendroff (linear+nonlinear)
- Beam-Warming (linear)
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Split inhomogeneous equation into two steps:
transport + sources

1) Solve PDE (transport) % U(z,x)+ QF(U) =0

OX
U(ij) — Ufi,j)

QU(t,x) = S(U)
ot

Udij) — U(ij) = Ui +1))
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2) Solve ODE (source)




Nonlinear multidimensional PDE:
9, 0 0 9,
—Uix)+—F(U)+—GU)+—H(U) =S5(U)
ot OxX oy 0z

Dimensional splitting

xX-sweep
y-sweep

z-sweep

source term: splitting method
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x-sweep (PDE): %U(t,x)+§F(U) =0 U(ij) — U (i)
X

y-sweep (PDE): © G

SV a0)+—GU)=0  U'(i))—»U"(i))

oy

z-sweep (PDE): %U**(t’x)JraQH(J*) =0 U7Gj)> U7 ()
Z

source (ODE): 0

Z U™@x)=SU™) U™ (ij) — U@ +1))
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Upwind method (forward difference)

Ui +1j) = Ufij) - f[F(U(z:j +1))-F(Ufi)]-

X
At

/ A_[G(U(i,j+1))—G(U(llj))]—
Y

| %[H(U(i,j +1))-H (U(i,j)) |+

+ AtS(U(i)))
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+ Speed
+ Numerical Stability

- Accuracy
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Conservation Equation: %U(tx)+§F(U) 0
X

Only spatial discretization: 7Y =£65)

1o)== [F(U(J+1)) F(U())]

Solution of the ODE (i=1..N)
- Analytic?
- Runge-Kutta
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Multidimensional problem:

5 0 0
EU(t,x)+aF(U)+5G(U) =S(U)

Lines: d

EU(j,k)=f(j,k)+g(j,k)+S(U(j,k))

Spatial discretazion:
1K) =—=FUG+L0) - FUG )
1

2(j,k) =A—[G(U(j,k+1)>—G(U(j,k»]
)/
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Analytic solution in time: Numerical error only due to
spatial discretization;

+ For some problems analytic solutions exist;
+ Nonlinear equations solved using stable scheme

(some nonlinear problems can not be solved using
Implicit method)

- Computationally extensive on high resolution grids,
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“It 1s not possible for a linear scheme to be both higher
that first order accurate and free of spurious
oscillations.”

Godunov 1959

First order:
Second order:
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